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Abstract— Sparse matrices play significant role in many fields such as numerical analysis and computer science. These are the 

matrices in which most of the elements are zero. A special type of sparse matrix is band matrix in which lower and upper triangular 

matrices are very common. One more example of band matrix, that is very important in linear algebra, is Hessenberg matrix. In many 

applications, we have to store the elements of these matrices in disk or memory. Since these matrices are array of n-dimensions but 

computer memory is linear and contiguous. So, functions that map the elements of these matrices in computer memory are desirable. 

This research paper aims to derive direct mapping functions for Hessenberg matrices to memory or linear array.  
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I. INTRODUCTION 

Band matrix is a sparse matrix in which non-zero values are restricted to a diagonal band, consisting of the main diagonal and 

zero or more diagonals on either side. There are many examples of band matrices; such as diagonal matrix, tridiagonal matrix, 

triangular matrices (lower and upper) and Hessenberg matrices. For the solution of linear equations, these matrices have been 

used [1]. Since many of the elements in such matrices contain zeroes. Thus a need to save space arises, either in memory or disk. 

     Analysis of mapping functions for lower and upper triangular matrices in linear arrays has been done. After the analysis their 

corresponding positions in linear array (mapping functions) have been derived [2, 3]. Few variants of lower and upper triangular 

matrices are also analysed in [4, 5]. Although, it is very important to mention that the mapping function for elements of many of 

the sparse matrices has been derived; but still few types are remain unanalysed in which Hessenberg matrices are also included.    
In this paper we analyze the mapping functions for Hessenberg matrices by means of linear arrays. Both row major and 

column major methods are used to derive mapping functions for the elements of Hessenberg matrices. 

In next section, the concept and definition of Hessenberg matrices are presented with its types. Further, the representation of 

Lower Hessenberg matrices in linear arrays is presented using row major and column major method. After this, representation of 

Upper Hessenberg matrices in linear arrays is also presented using row major and column major method. Finally, in last section 

we present conclusions and suggestions for future work. 

II. HESSENBERG MATRIX 

Matrices with a relatively high proportion of zero entries are called sparse matrices. In linear algebra, a Hessenberg matrix is 

a special kind of square matrix, one that is ‗almost‘ triangular. To be exact, an upper Hessenberg matrix has zero entries below 

the first subdiagonal, and a lower Hessenberg matrix has zero entries above the first superdiagonal.  

A. Lower Hessenberg Matrix (LHM) 

A square n x n matrix A is said to be lower Hessenberg matrix if ai,j = 0 for all i, j with j > i + 1. Let us define a Lower 

Hessenberg Matrix (LHM) named A of order N, N > 0. Fig. 1 shows an example of this kind of matrix, with N = 5. 

There are 5 rows and 5 columns in LHM A. Any element in LHM A is represented by a(i, j) where i =1, 2….5 and j =1, 

2….5. 

In LHM A, row-1 contains 2 elements and row-2 contains 3 elements. Similarly row-3, row-4 and row-5 contain 4, 5 and 5 

numbers of elements respectively. From fig. 1, it may be observed that total number of elements in any LHM of order N can be 

calculated by arithmetic progression as follows: 

2 + 3 + 4 + .......... + (N – 1) + N + N = (N – 1) (N + 2)/2 + N                              (1) 

Hence in LHM A, there are (5–1)(5+2)/2 + 5 = 19 elements. 
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1 2 3 4 5 

1 1 6    

2 -7 8 -1   

3 5 -2 0 2  

4 8 4 5 -1 6 

5 2 7 -4 3 9 

                                                                                                  Fig. 1. Lower Hessenberg Matrix A (LHM A) 

B. Upper Hessenberg Matrix (UHM) 

A square n x n matrix B is said to be upper Hessenberg matrix if ai,j = 0 for all i, j with i > j + 1. Let us define an Upper 

Hessenberg Matrix (UHM) named B of order N, N > 0. Fig. 2 shows an example of this kind of matrix, with N = 5. 

There are 5 rows and 5 columns in UHM B. Any element in UHM B is represented by b(i, j) where i =1, 2….5 and j =1, 

2….5. 

In UHM B, both row-1 and row-2 contain 5 elements. Similarly row-3, row-4 and row-5 contain 4, 3 and 2 numbers of 

elements respectively. From fig. 2, it may be observed that total number of elements in any UHM of order N can be calculated by 

arithmetic progression as follows: 

N + N + (N – 1) + .......... + 4 + 3 + 2 = (N – 1) (N + 2)/2 + N                              (2) 

Hence in UHM B, there are (5–1)(5+2)/2 + 5 = 19 elements. 

 
1 2 3 4 5 

1 1 6 5 8 2 

2 -7 8 -1 4 7 

3  -2 0 2 -4 

4   5 -1 6 

5    3 9 

                                                                                          Fig. 2. Upper Hessenberg Matrix B (UHM B) 

III.  REPRESENTATION OF LOWER HESSENBERG MATRIX IN LINEAR ARRAY 

In LHM, a lot of elements are zero. So, linear array is a choice to store only non-zero values of LHM in order to save the 

space in memory. There are two methods to store the elements of LHM in a linear array. 

A. Row major method 

In this method, elements of LHM are stored in linear array from left to right, by rows. Elements in LHM A are represented in 

fig. 3 using linear array named C. Any element in linear array C is represented by C[L] where L=1, 2, 3 …. 19. 

Given an element a(i, j) belonging to the LHM A. Here, the purpose is to determine the mapping function (corresponding 

position) of same element a(i, j) in linear array C. The position of element a(i, j) in array C is determined in the following way. 

C[1] = a(1, 1), C[2] = a(1, 2), C[3] = a(2, 1), C[4] = a(2, 2), C[5] = a(2, 3), C[6] = a(3, 1), C[7] = a(3, 2) .……C[L] = a(i, 

j) ……. C[17] = a(5, 3), C[18] = a(5, 4), C[19] = a(5, 5) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

1 6 -7 8 -1 5 -2 0 2 8 4 5 -1 6 2 7 -4 3 9 

Fig. 3. Row major representation of LHM A in linear array C 
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According to equation (1), number of elements in any LHM of order N is [(N – 1) (N + 2)/2 + N]. So it may be observed that 

linear array C contains only same number of elements i.e. 19. 

Since the position of element a(i, j) is required in linear array C. So the purpose is to calculate the formula (mapping 

function) that gives us the integer L in terms of i and j where C[L] = a(i, j). i.e. L gives the address of element a(i, j) in which all 

the elements including a(i, j) are list up in linear array C. 

To calculate the address of element a(i, j) in linear array C, following algorithm 1 is used. 

 

 

 
 

Algorithm 1: To calculate the address of element a(i, j) in linear array C 

Therefore according to step-1, total number of elements in the rows above the row of element a(i, j) are calculated by 

arithmetic progression as follows: 

2 + 3 + 4 + .......... + i = (i – 1)(i + 2)/2                              (3) 

Hence, according to step-2 of algorithm 1, there are j numbers of elements coming from column-1 to column-j.  

Now, according to step-3 of algorithm 1, the address of element a(i, j) can be calculated by adding equation (3) with value j. 

So                

L = [(i – 1)(i + 2)/2] + j                              (4) 

Equation (4) yields the mapping function (index) that accesses the value of element a(i, j) from the linear array C. 

B. Column Major Method 

The approach is to insert the same elements of LHM A in another linear array named D column wise. Elements in LHM A 

are represented in fig. 4 using linear array D. Any element in linear array D is represented by D[L] where L=1, 2, 3….19. 

Given an element a(i, j) belonging to the LHM A. Here, the purpose is to determine the mapping function (corresponding 

position) of same element a(i,  j) in linear array D. The position of element a(i, j) in array D is determined in the following way. 

D[1] = a(1, 1), D[2] = a(2, 1), D[3] = a(3, 1), D[4] = a(4, 1), D[5] = a(5, 1), D[6] = a(1, 2), D[7] = a(2, 2) .…… D[L] = a(i, 

j) ……. D[17] = a(5, 4), D[18] = a(4, 5), D[19] = a(5, 5)  

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

1 -7 5 8 2 6 8 -2 4 7 -1 0 5 -4 2 -1 3 6 9 

Fig. 4. Column major representation of LHM A in linear array D 

According to equation (1), number of elements in any LHM of order N is [(N – 1) (N + 2)/2 + N]. So it may be observed that 

linear array D contains only same number of elements i.e. 19. 

Since the position of element a(i, j) is required in linear array D. So the purpose is to calculate the formula (mapping 

function) that gives us the integer L in terms of i and j where D[L] = a(i, j). i.e. L gives the address of element a(i, j) in which all 

the elements including a(i, j) are list up in linear array D. 

To calculate the address of element a(i, j) in linear array D, following algorithm 2 is used. 

 

 

 

 
 

 

Algorithm 2: To calculate the address of element a(i, j) in linear array D 

Therefore according to step-1, total number of elements coming after the column of element a(i, j) are calculated by 

arithmetic progression as follows: 

(N – j + 1) + (N – j) + .......... + 4 + 3 + 2 = (N – j) (N – j + 3)/2                              (5) 

Step-1: Calculate the number of elements coming before i
th

 row, i.e. number of elements up to (i-1)
th

 row. 

Step-2: Then calculate the number of elements in i
th

 row coming from column-1 to column-j. 

Step-3: Add both the values calculated in above two steps. The result is desired value L i.e. address of element a(i, j)  in linear 

array C. 

 

Step-1: Calculate the number of elements coming after j
th

 column, i.e. total number of elements coming from (j+1)
th

 column 

to N
th

 column. 

Step-2: Then calculate the number of elements in j
th

 column coming after the element a(i, j). 

Step-3: Add both the values calculated in above two steps. The result is total number of elements coming after element a(i, j). 

Step-4: Subtract the value of Step-3 from equation (1) i.e. total number of elements in LHM A. The result is desired value L 

i.e. address of element a(i, j) in linear array D. 
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Hence, according to step-2 of algorithm 2, there are (N – i) numbers of elements in j
th

 column after the element a(i, j).  

Now, according to step-3 of algorithm 2, total number of elements coming after the element a(i, j) is:    

[(N – j) (N – j + 3)/2] + (N – i)                              (6) 

Now, according to step-4 of algorithm 2, the address of element a(i, j) can be calculated by subtracting equation (1)  from 

equation (6).  So         

                                        L = [(N – 1) (N + 2)/2 + N] – [{(N – j) (N – j + 3)/2} + (N – i)] 

L = [{(N – 1) (N + 2)} – {(N – j) (N – j + 3)}]/2 + i                              (7) 

Equation (7) yields the mapping function (index) that accesses the value of element a(i, j) from the linear array D. 

IV.  REPRESENTATION OF UPPER HESSENBERG MATRIX IN LINEAR ARRAY 

Since UHM also contains a lot of elements which are zero. So, linear array is a choice to store only non-zero values of UHM 

in order to save the space in memory. Elements of UHM can also be stored/ represented in linear array by two methods. 

A. Row major method 

In this method, elements of UHM are stored in linear array from left to right, by rows. Elements in UHM B are represented in 

fig. 5 using linear array named E. Any element in linear array E is represented by E[L] where L=1, 2, 3 …. 19. 

Given an element b(i, j) belonging to the UHM B. Here, the purpose is to determine the mapping function (corresponding 

position) of same element b(i, j) in linear array E. The position of element b(i, j) in array E is determined in the following way. 

E[1] = b(1, 1), E[2] = b(1, 2), E[3] = b(1, 3), E[4] = b(1, 4), E[5] = b(1, 5), E[6] = b(2, 1), E[7] = b(2, 2) .……E[L] = b(i, 

j) ……. E[17] = b(4, 5), E[18] = b(5, 4), E[19] = b(5, 5) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

1 6 5 8 2 -7 8 -1 4 7 -2 0 2 -4 5 -1 6 3 9 

Fig. 5. Row major representation of UHM B in linear array E 

According to equation (2), number of elements in any UHM of order N is [(N – 1) (N + 2)/2 + N]. So it may be observed that 

linear array E contains only same number of elements i.e. 19. 

Since the position of element b(i, j) is required in linear array E. So the purpose is to calculate the formula (mapping 

function) that gives us the integer L in terms of i and j where E[L] = b(i, j). i.e. L gives the address of element b(i, j) in which all 

the elements including b(i, j) are list up in linear array E. 

To calculate the address of element b(i, j) in linear array E, following algorithm 3 is used. 

 

 

 

 
 

 

Algorithm 3: To calculate the address of element b(i, j) in linear array E 

Therefore according to step-1, total number of elements coming after the row of element b(i, j) are calculated by arithmetic 

progression as follows: 

(N – i + 1) + (N – i) + .......... + 4 + 3 + 2 = (N – i) (N – i + 3)/2                              (8) 

Hence, according to step-2 of algorithm 3, there are (N – j) numbers of elements in i
th

 row after the element b(i, j).  

Now, according to step-3 of algorithm 3, total number of elements coming after the element b(i, j) is:    

[(N – i) (N – i + 3)/2] + (N – j)                              (9) 

Now, according to step-4 of algorithm 3, the address of element b(i, j) can be calculated by subtracting equation (2)  from 

equation (9).  So         

                                      L = [(N – 1) (N + 2)/2 + N] – [{(N – i) (N – i + 3)/2} + (N – j)] 

L = [{(N – 1) (N + 2)} – {(N – i) (N – i + 3)}]/2 + j                              (10) 

Equation (10) yields the mapping function (index) that accesses the value of element b(i, j) from the linear array E. 

Step-1: Calculate the number of elements coming after i
th

 row, i.e. total number of elements coming from (i+1)
th

 row to N
th

 

row. 

Step-2: Then calculate the number of elements in i
th

 row coming after the element b(i, j). 

Step-3: Add both the values calculated in above two steps. The result is total number of elements coming after element b(i, 

j). 

Step-4: Subtract the value of Step-3 from equation (2) i.e. total number of elements in UHM B. The result is desired value L 

i.e. address of element b(i, j) in linear array E. 
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B. Column Major Method 

The approach is to insert the same elements of UHM B in another linear array named F column wise. Elements in UHM B 

are represented in fig. 6 using linear array F. Any element in linear array F is represented by F[L] where L=1, 2, 3….19. 

Given an element b(i, j) belonging to the UHM B. Here, the purpose is to determine the mapping function (corresponding 

position) of same element b(i,  j) in linear array F. The position of element b(i, j) in array F is determined in the following way. 

F[1] = b(1, 1), F[2] = b(2, 1), F[3] = b(1, 2), F[4] = b(2, 2), F[5] = b(3, 2), F[6] = b(1, 3), F[7] = b(2, 3) .…… F[L] = b(i, 

j) ……. F[17] = b(3, 5), F[18] = b(4, 5), F[19] = b(5, 5)  

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

1 -7 6 8 -2 5 -1 0 5 8 4 2 -1 3 2 7 -4 6 9 

Fig. 6. Column major representation of UHM B in linear array F 

According to equation (2), number of elements in any UHM of order N is [(N – 1) (N + 2)/2 + N]. So it may be observed that 

linear array F contains only same number of elements i.e. 19. 

Since the position of element b(i, j) is required in linear array F. So the purpose is to calculate the formula (mapping 

function) that gives us the integer L in terms of i and j where F[L] = b(i, j). i.e. L gives the address of element b(i, j) in which all 

the elements including b(i, j) are list up in linear array F. 

To calculate the address of element b(i, j) in linear array F, following algorithm 4 is used. 

 

 

 
 

Algorithm 4: To calculate the address of element b(i, j) in linear array F 

Therefore according to step-1, total number of elements in the columns before the column of element b(i, j) are calculated by 

arithmetic progression as follows: 

2 + 3 + 4 + .......... + j = (j – 1)(j + 2)/2                              (11) 

Hence, according to step-2 of algorithm 4, there are i numbers of elements coming from row-1 to row-i.  

Now, according to step-3 of algorithm 4, the address of element b(i, j) can be calculated by adding equation (11) with value i. 

So                

L = [(j – 1)(j + 2)/2] + i                              (12) 

Equation (12) yields the mapping function (index) that accesses the value of element b(i, j) from the linear array F. 

V. CONCLUSIONS 

 
In the presented paper, Hessenberg matrix and its types is described. Mapping functions for the elements of Hessenberg 

matrices in linear arrays are presented by using row major and column major methods. Formulas to access the location of 

elements in linear arrays are given for both the methods. Presented methods are useful to save the space in memory or disk by 

storing only non-zero values of Hessenberg matrices in linear arrays. In this scenario, derived mapping functions are useful to 

access an element in linear array.  

In future, analysis of other types of sparse matrices can be presented. Mapping functions, corresponding formulas and 

alternative methods to access the elements of sparse matrices can also be derived. 
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Step-1: Calculate the number of elements coming before j
th

 column, i.e. number of elements up to (j-1)
th

 column. 

Step-2: Then calculate the number of elements in j
th

 column coming from row-1 to row-i. 

Step-3: Add both the values calculated in above two steps. The result is desired value L i.e. address of element b(i, j) in linear 

array F. 
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